Abstract. Kashaev's invariants for a knot in a three sphere are generalized to invariants of a knot in a three manifold. A relation between the newly constructed invariants and the hyperbolic volume of the knot complement is observed for some knots in lens spaces.
Introduction
The Jones polynomial of knots and links is discovered in [16] , which is defined by a simple skein relation, and relates to the quantum enveloping algebra U q (sl 2 ) through the quantum R-matrix. After the Jones polynomial, a large number of quantum invariants are constructed from various R-matrices associated with quantum enveloping algebras, Hopf algebras, and operator algebras. The Jones polynomial is also extended to invariants of three manifolds and links in three manifolds by [35] and [34] .
On the other hand, from a study of quantum dilogarithm, R. Kashaev introduced an invariant of links in three manifolds in [17] . He also gave an R-matrix formulation of his invariants for knots in S 3 , and found in [18] a relation between his invariants and the hyperbolic volumes of knot complements. Let K N be the Kashaev's invariant of a knot K for a positive inveter N, then the relation he found is the following.
Conjecture 1. (Kashaev's conjecture) For a hyperbolic knot
where Vol(K) is the hyperbolic volume of the knot complement S 3 \ K.
Kahsaev's invariant turned out to be a specialization of the colored Jones invariant in [27] , and the above conjecture is refined in [28] as follows.
Conjecture 2. (Complexification of Kashaev's conjecture) For a hyperbolic knot
where CS(K) is the Chern-Simons invariant [6] , [25] of the knot complement S 3 \ K.
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The above conjectures are not proved rigorously yet, but a method to obtain the hyperbolic volume and the Chern-Simons invariant from Kashaev's invariants are established in [8] and [36] .
The aim of this paper is to construct certain quantum invariants for knots in three manifolds which have a relation to the hyperbolic volume as the above conjectures. We already have many quantum invariants for knots in three manifolds. Besides the invariants stated above, such invariants are constructed in [12] and [9] from finite-dimensional representations of the quantum group U q (sl 2 ) at root of unity, and in [19] from the infinite dimensional representations of U q (sl 2 ). However, it is not known about the actual relation between the above invariants and the hyperbolic volume of the complement of the knots.
Here we construct a family of invariants of a knot K in a three manifold M by combining the Hennings invariant [14] of three manifolds and the logarithmic invariant [30] of knots in S 3 . This family contains a generalized Kashaev invariant GK N ( K), which coincides with Kashaev's invariant K N if M = S 3 . Moreover, we introduce GK
SO(3) N
( K), which is the SO(3) version of GK N ( K), and propose the following conjecture.
Conjecture 3. (Volume conjecture for the generalized Kashaev invariant) Let K be a knot in a three manifold M such that the complement M \ K has the hyperbolic structure. Then
where Vol( K) and CS( K) is the hyperbolic volume and the Chern-Simons invariant of the complement M \ K.
We give some examples for this conjecture at the end of this paper.
Remark 1. The invariants GK N (K) and GK

SO(3) N
(K) are generalizations of Kashaev's invariant for knots in S 3 . So they may have some relation to Kashaev's original invariant for knots in three manifolds defined in [17] . But any relation is not observed yet.
As we stated before, we construct invariants of knots in a three manifolds by combining the Hennings invariant and the logarithmic invariant. The both of these invariants are related to the universal invariant introduced by Lawrence [24] and Ohtsuki [31] , whose value is in a certain quotient of the small quantum group U q (sl 2 ), which is a finite dimensional Hopf algebra and is a quotient of the quantized enveloping algebra U q (sl 2 ) where q = e πi/N . The generators and relations of U q (sl 2 ) are given as follows.
The Hopf algebra structure of U q (sl 2 ) is given by the coproduct ∆ : U q (sl 2 ) → U q (sl 2 ) ⊗ U q (sl 2 ), the counit ε : U q (sl 2 ) → C and the antipode S : U q (sl 2 ) → U q (sl 2 ) satisfying
The dimension of U q (sl 2 ) is 2N 3 and
is a basis of it. The universal invariant takes its value in the quotient U q (sl 2 )/I where I is the two sided ideal generated by commutators of U q (sl 2 ), i.e.
The Hennings invariant H(M) for an oriented closed three manifold M is constructed by using the right integral µ, which is a linear functional on U q (sl 2 ) satisfying
where 1 is the unit of U q (sl 2 ). Such functional exists uniquely up to a scalar multiple since U q (sl 2 ) is a finite dimensional Hopf algebra. The relation (1) corresponds to the second Kirby move and it allows us to construct a three manifold invariant by using the right integral, which is the Hennings invariant. Let τ N (M) be the Witten-ReshetihinTuraev (WRT) invariant [35] , [34] of M. Then it is shown in [4] and [5] that the Hennings invariant can be expressed in terms of the WRT invariant for almost all cases.
Nagatomo and the author constructed in [30] the logarithmic invariant of a knot K in S 3 . Let Z be the center of U q (sl 2 ). We study the center c(T ) ∈ Z which corresponds to a tangle T obtained from K, and we define knot invariants as the coefficients of c(T ) with respect to certain basis of Z. A topological quantum field theory (TQFT) based on the center Z is constructed by Kerler [21] , and is refined by Feigin-GainutdinovSemikhatov-Tipunin [10] by using the logarithmic conformal field theory. The logarithmic knot invariant corresponds to this TQFT. We also showed in [30] that the logarithmic invariant is expressed as a limit of the colored Alexander invariant, which is defined by Akutsu-Deguchi-Ohtsuki [1] and is restudied by the author in [29] . It is an invariant of links with colored components, where the colors are complex numbers except integers. The logarithmic invariant is obtained as a limit of a sum of two colored Alexander invariants by taking its colors to certain integers. A relation like Conjectures 1, 2 are observed in [7] between the colored Alexander invariant and the hyperbolic volume of cone manifolds.
Let M be a three manifold given by the surgery along a framed link L in S 3 , K be a knot in M, and K be the pre-image of K in S 3 . Then, to construct an invariant of K, we apply the logarithmic invariant to K, and apply the Henning invariant to L. In Section 1, we recall the construction of the Hennings invariant and extend it to invariants of knots in three manifolds. In Section 2, we review irreducible and indecomposable representations of U q (sl 2 ). By using these representations, we describe centers and symmetric linear functions of U q (sl 2 ). In Section 3, we generalize the logarithmic invariants of knots in S 3 to invariants of knots in three manifolds. This family of invariants include the generalized Kashaev invariant GK N . In Section 4, we investigate the generalized Kashaev invariant by using its relation to the colored Alexander invariant. In Section 5, we observe the relation between the generalized Kashaev invariants of certain knots in lens spaces and the hyperbolic volumes of their complements by numerical computation.
Colored Hennings invariants
In this section, we generalize the colored invariants constructed by Hennings [14] for knots and links in S 3 to invariants for knots in three manifold, which we call the colored Hennings invariant. To do this, we first recall the construction of the universal U q (sl 2 ) invariant for a link in S 3 introduced in [24] and [31] . Then we apply Hennings' idea in [14] to obtain invariants equipped with a color at each component of the link, where the color is given by a pair of a symmetric linear function and a center of U q (sl 2 ). There is a special symmetric linear function φ corresponding to the right integral µ, which assures the compatibility of the φ colored component with the second Kirby move. By using φ, we construct invariants of links in arbitrary oriented three manifolds. If the knot is emply, then this invariant coincides with the Hennings invariant of the three manifold introduced in [14] , [20] , and [32] associated with U q (sl 2 ).
1.1. Notations. Throughout this paper, let q = e πi/N . We use the following notations.
1.2. The right-integral. The right integral of a Hopf algebra is a non-trivial linear functional µ on the Hopf algebra which satisfies
Any finite dimensional Hopf algebra has a right integral which is unique up to nonzero scalar multiplication. For detail, see [33] . For U q (sl 2 ), the right integral µ is given by
where we choose the normalization factor as
for future convenience.
Proposition 1. The right integral satisfies
Proof. This comes (2) and the defining relations of U q (sl 2 ).
This φ is a fundamental tool for the construction of invariants of knots in three manifolds in this paper.
1.3. The universal R-matrix. Let A be the Hopf algebra generated by e, f , k and relations
Then there is an inclusion map ι : U q (sl 2 ) → A given by
In what follows, we often identify E with e, F with f , and K with k 2 . It is known that A is a ribbon quasitriangular Hopf algebra equipped with the universal R-matrix
with blackboard framing given by a closed braid diagram. Assign the universal R matrix or its inverse to each crossing and K ±(N −1) or 1 to each maximal and minimal points as in Figure 1 . Let x j be a point on L j other than the crossing points nor max/min points, and we define Ψ x 1 ,··· ,xr (L) in A ⊗r as follows.
,p are the elements we meet when we walk through the component L j starting from x j to x j along its orientation as in Figure 2 . For detail, see [24] and [32] . It is known that the element Ψ
where R = j a j ⊗ b j and and depends on the choices of x 1 , · · · , x r . Let U q (sl 2 ) be the quotient
and ψ(L) be the image of We recall Hennings' method in [14] to retrieve numerical invariants from ψ(L).
In other words, f is a linear functional on U q (sl 2 ) satisfying f (xy) = f (yx). For example, the function φ on U q (sl 2 ) introduced in Corollary 1 can be considered as an element of
depends only on ψ(L) and is an invariant of L. Moreover, let z 1 , z 2 , · · · , z r be elements of the center Z of U q (sl 2 ), then ( 
are the connected components of L and K respectively. For z 1 , · · · , z r in Z and symmetric linear functions
Proof. We investigate the isotopy move of K by its pre-image K in S 3 . The isotropy of K which does not hit to the image of L corresponds and isotopy of K in S 3 which does not intersect with L. If a component
in M, then the pre-image of this move in S 3 is given by the handle slide illustrated in Figure 4 . Since φ is applied to all the components of L,
does not change by this handle slide move.
Centers and symmetric linear functions of
In this section, we recall irreducible and indecomposable representations of U q (sl 2 ) and describe its centers and the symmetric linear functions explicitly. We also explain the SL(2, Z) action on the centers of U q (sl 2 ).
Representations of A.
To explain representations of U q (sl 2 ), we first describe representations of the Hopf algebra
is spanned by elements u ±,± n for 0 ≤ n ≤ s − 1, where the action of A is given by
is the trivial module for which k acts by 1 and e, f act by 0. The weights (eigenvalues of k) occurring in U
and the weights occurring in U
and there are projective modules P α,β s satisfying the following exact sequence.
Actual description of the structure of A-modules P ±,± s is given in [15] , which is based on the construction in [34] . The module P +,β s (β = ±) has a basis
The action of k is given by
The actions of E and F are given as follows.
The action of A is given by
2.2. Representations of U q (sl 2 ). By composing the inclusion map ι : U q (sl 2 ) → A given by (6) to the above representations of A, we get representations of U q (sl 2 ). As
are the same one for X = U, V and P . Therefore, we write U 
Symmetric linear functions.
It is shown in [33] that there is a linear isomorphism between the center Z of U q (sl 2 ) and the space of symmetric linear functions U q (sl 2 ) * given
, where µ is the right integral of U q (sl 2 ). Hence, the dimension of
A symmetric linear function which is not a trace of any semisimple representation is also called pseudo-trace in [26] . The actual description of U q (sl 2 ) * is given by Arike in [2], which is spanned by the following functions
• T 0 is the trace of the representation on U − N .
• T N is the trace of the representation on U
• G s is the sum of the following two traces. One is the trace of the s × s submatrix of the representation matrix on P Proposition 2. The symmetric linear function φ is given by
where
.
Similarly, we have
Since N −1 l=1 {l} + {l} −1 = 0, we know that
2.4. Centers of A. The center Z of U q (sl 2 ) is investigated in [10] and the center Z A of A is obtained similarly as follows.
Proposition 3. The center Z A of A is 5N − 1 dimensional. Its commutative algebra structure is described as follows. There are four special central idempotents e 
The center e 
Generalized logarithmic invariants
Here we generalize the logarithmic invariant of a knot in S 3 to a knot in a three manifold.
The logarithmic invariant is represented by the center corresponding to a (1, 1)-tangle of the knot, and we extend it by combining with the Hennings invariant. We show that there are some generalized logarithmic invariants which cannot be expressed by the colored Hennings invariant.
3.1. Center corresponding to a knot in a three manifold. Let M be a three manifold obtained by the surgery along a framed link L = L 1 ∪· · ·∪L p and K be a knot or a link in M. Let K = K 1 ∪ · · · ∪ K r be the pre-image of K in S 3 as the setting of Section 1. Let
T be the tangle obtained by cutting the first component
The universal invariant of knots in [24] and [31] is generalized to tangles in [32] , which we can apply to T . Let x 2 , · · · , x r+p be points on
be the element of U q (sl 2 ) ⊗r+p which is defined as (8) . For the component K 1 , it is opened to make a tangle and we read the terms on this component from bottom to top. Let (f 2 , z 2 ), · · · , (f r , z r ) be pairs of a symmetric linear function which are colors for the components K 2 , · · · , K r and s + (L) (resp. s − (L)) be the number of positive (reps. Figure 5 . Universal invariant for a tangle negative) eigenvalues of the linking matrix of L. Then (11)
is contained in the center Z of U q (sl 2 ).
Theorem 3. The center z (f 2 ,z 2 ),··· ,(fr,zr) (T ) is an invariant of the colored knot K with a specified component K 1 .
Definition 2. Fix a basis {c 1 , c 2 , · · · } of the center Z. Then the center z (f 2 ,z 2 ),··· ,(fr,zr) (T ) is expressed as a linear combination of this basis, and the coefficients are also invariants of K. We call these coefficients the logarithmic invariants of K since they are related to the logarithmic TQFT constructed in [10] .
The colored Hennings invariant ψ (f 1 ,z 1 ),··· ,(fr,zr) ( K) is expressed as
Therefore, we have the following.
Corollary 2. The colored Hennings invariant with colors (f 1 , z 1 ), · · · , (f r , z r ) is determined by the logarithmic invariants.
Simplification of the coloring.
For the coloring of each component of a link, we use a pair (f, z) where f is a symmetric linear function and z is a center. However, we know that G s (w
, and so the coloring by (G s , w 
we have 
Generalized Kashaev invariant
In this section, we show that certain logarithmic invariants for links in a three manifold are generalizations of Kashaev's invariants for knots in S 3 .
Colored Alexander invariants.
The colored Alexander invariant introduced in [1] can be constructed from the quantum R-matrix of the medium quantum group U q (sl 2 ) as in [29] . The medium quantum group is defined as follows.
To see the relation between the colored Alexander invariant and the logarithmic invariants,
we check the correspondence of the quantum R-matrices for U q (sl 2 ) and U q (sl 2 ). Let R be the R-matrix for the colored Alexander invariant, then it is given in [29] by
where H is a formal element satisfying q H = K.
Lemma 2. Let U and V be integral weight representations, then the representations of R in (13) and R in (7) on U ⊗ V are equal.
Proof. Let u ∈ U and v ∈ V be weight vectors such that K u = q r u and K v = q s .
Then q 1 2
Hence the actions of the R-matrices are equal.
The colored Alexander invariant is defined for non-integral representations, but this lemma shows that R is also well-defined for integral weight representations. Let K be a knot in a three manifold M given by the surgery along a framed link L in S 3 , K be the pre-image of K in S 3 , and T be a tangle obtained from K ∪ L by cutting a
r+p be the universal invariant of the tangle T in
constructed from R. In this case we use the element H and infinite sums which converge on any finite dimensional representations.
Remark 2. Another construction of a universal invariant corresponding to the colored
Alexander invariant is given by Ohtsuki in [31] by using colored ribbon Hopf algebras.
For λ ∈ C, let ρ λ be the highest weight representation of U q (sl 2 ) with highest weight λ − 1 and χ λ be the character of ρ λ , i.e. the trace of the representation matrix of ρ λ . Let X (λ) be the representation space of ρ λ spanned by the weight vectors v
) is a scalar matrix and let A λ 1 ,··· ,λr,φ,··· ,φ (T ) be the corresponding scalar.
Remark 3. If the weight λ 1 , · · · , λ r are all specialized to integers, then A λ 1 ,··· ,λr,φ,··· ,φ (T ) coincides with the logarithmic invariant a s 1 ,Ts 2 ,··· ,Ts r (T ) defined by (12) , where
If L is empty and K is a framed link in S 3 , we know the following for the tangle T corresponding to K obtained by cutting the component K 1 of K.
Then ADO λ 1 ,··· ,λr (T ) is an invariant of the link K in S 3 which does not depend on the component K 1 . 
does not depend on the choice of the specified component K 1 of K to make the tangle T , and is an invariant of K.
Proof. We show that A N,··· ,N r , φ,··· ,φ p (T ) does not depend on the choice of the component
We assume that the number of the components of K is greater than one. Let T (2) be a (2, 2)-tangle obtained from K as in Figure 6 . We associate the representation V is split into a direct sum of indecomposable U q (sl 2 ) modules as follows.
Note that this is a multiplicity-free decomposition. Hence the action of ρ(T (2) ) is decomposed into a direct sum of the actions on P s and V +,+ N which commute with the action of U q (sl 2 ). Let T 
2 ).
By using A N,··· ,N,φ,··· ,φ , we introduce the generalized Kashaev invariant ask follows. which is equal to a N,T N ,··· ,T N ,φ,··· ,φ (T ) by Remark 3, and let
We call GK N (T ) the generalized Kashaev invariant of K.
To get more computable expression of GK N ( K), we express the symmetric linear function G s by derivatives of the diagonal elements of ρ λ .
4.
3. An expression of G s . We first introduce a non-irreducible module of the medium quantum group U q (sl 2 ) which is isomorphic to direct sum of two non-integral highest weight representations. Let t be an integer with 1 ≤ s ≤ p and Y(λ, s) be the U q (sl 2 ) module which is spanned by weight vectors c j and
is identified with the subspace spanned by {c 0 , · · · , c N −1 } and X (λ − 2s) is identified with the subspace spanned by
be the representation matrix of u ∈ U q (sl 2 ) on X (λ) with respect to the basis ; 0 ≤ n ≤ N − 1}. ρ λ (u) n,n and ρ λ−2s (u) n,n respectively.
Now we express the symmetric linear function G s of the small quantum group U q (sl 2 ) by using the derivatives of the diagonal elements of the highest weight representations of the medium quantum group U q (sl 2 ).
Proof. There is a natural projection from U q (sl 2 ) to U q (sl 2 ) sending K 2N to 1, and let u be a pre-image of u in U q (sl 2 ). Then the action of ρ (λ,s) (û) to Y(λ, s) is expressed as follows.
On the other hand,
where ρ λ−2s (u) n,m−s is considered to be 0 if m − s < 0. From (15), we get
Since the symmetric linear function G s (u) is given by
n,n+s (u), we have
4.4.
Non-triviality of ψ φ (U ± ). Here we show the following.
Lemma 4. |ψ φ (U ± )| = 1 and is not equal to 0.
Proof. Let T ± be the tangle corresponding to U ± and u ± be the universal invariant of T ± . Then, Proposition 7 in [29] shows that the scalar corresponding to ρ λ (u ± ) is
. Letũ ± be the universal invariant for U ± , thenũ ± = K N +1 u ± . We know that T s (ũ ± ) = 0 and χ λ (ũ ± ) = 0, φ(ũ ± ) is computed as follows.
Hence, by using Lemma 3, we have [4] . Let N be a positive odd integer, U q (so 3 ) be the quotient of U q (sl 2 ) obtained by adding a relation K N = 1 to U q (sl 2 ), and pr be the canonical projection from U q (sl 2 ) to U q (so 3 ).
We also have an inclusion ι from U q (so 3 ) to U q (sl 2 ) sending the generators E, F , K of
, which is a Hopf algebra homomorphism since K N is a center of U q (sl 2 ). Then, everything we constructed before for U q (sl 2 )
can be defined for U q (so 3 ) through ι. Any representation of U q (sl 2 ) in §1.5 parametrized by even s maps K N to −1, and it maps K N + 1 to 0. Therefore, the symmetric linear functions parametrized by even s vanishes. Let φ
For later use, we compute φ SO(3) (ũ ± ) and check their non-triviality for the universal invariantũ ± of trivial ±1 framed knot U ± .
Lemma 5. φ SO(3) (ũ ± ) = 1 and is not equal to zero.
Proof. We restrict the parameter s to odd integers in the computation in §4.4.
. Since
Similarly, we get φ SO(3) (ũ − ) = 1. and
We call GK 
From now on, we consider the case that p = 1, i.e. the framed link L defining the three manifold M is a knot. Then GK N ( K) and GK 
Proof. Since L is a knot, GK N ( K) and GK
SO(3) N
( K) is given as follows.
We know that
By using Lemma 3, we have
From the definition of the R-matrix, T
Then we have
Combining (18) and (19), we can express
, we get (16) and (17).
Volume conjecture for the generalized Kashaev invariant
The invariants GK N , GK SO(3) N are generalizations of Kashaev's invariant, and we expect that the volume conjecture proposed in [18] and [27] also holds for them. Since GK N may vanish for some nontrivial cases, it is better to consider GK Figure 8 where f is the framing of L, and K be the knot corresponding to K in the lens space obtained by the surgery along L with framing f . We assume that the framing of K is 0. Let T be a tangle obtained from K ∪ L by cutting K, and g(µ) = (µ 2 − 2Nµ − 1)/2. The ADO invariant of K ∪ L is given by
. 5.2. Whitehead link. We do the same thing for a Whitehead link K ∪L in Figure 8 . Let f be the framing of L, and K be the knot corresponding to K in the lens space obtained by the surgery along L with framing f . We assume that the framing of K is 0. Let T be a tangle of K ∪ L obtained by cutting a point on K. The colored Alexander invariant of K ∪ L is given in [29] . Let {a; , k} = (q a − q −a )(q a−1 − q −q+1 ) · · · (q a−k+1 − q −a+k−1 ), then
2 N sin πµ
({j; j}) 3 {µ + j; 2j + 1} {2j + 1; 2j + 1 − N} .
and, by using l'Hôpital's rule to obtain the limit µ → t for an integer t, we have
2 N π The colored Jones invariant V N,t ( K ∪ L) is given in [13] which is redormulated as follows for q = e πi/N . Now we check the following conjecture by substituting the above formulas to (17) . This conjecture is stronger than Conjecture 3. For the knot K in lens spaces comes from the Whitehead link as above, the results of numeric computation are exposed in Table 1 
